In a companion paper [1], we derived analytical expressions for the structure factor of the squareshoulder potential in a perturbative way around the high-and low-temperature regimes. Here, various physical properties of these solutions are derived. In particular, we investigate the large wave number sector, and relate it to the contact values of the pair-correlation function. Then, thermoelastic properties of the square-shoulder fluids are discussed.
I. INTRODUCTION
The square-shoulder potential is one of the simplest purely repulsive potentials with a hard core. It can be expressed as:
where R is the particle's diameter, and λ > 1.
Such a potential shares with the hard-sphere potential the properties of being short-range, fully repulsive, and it has two natural hard-sphere limits (U 0 k B T and U 0 k B T ); but the presence of an additional length scale significantly enriches the properties of such a system compared to the simple hard-sphere one. Indeed, beyond its simplicity that allows easier theoretical computations, a number of studies have demonstrated that the square-shoulder potential, and its smoother counterparts -the so-called core-softened potentials -can be of real physical significance in various physical contexts .
First, it possesses a rich crystalline phase diagram [11, 12, 18, 22, 28, 31] , that presents isostructural phase transitions [4, 5] , allows for various type of crystal phases with high sensitivity to the value of λ [30] , and even more involved structure such as stripe phases [9] , or quasicrytals [27] . Such behaviors are not purely theoretical and can be observed in a number of real systems such as Cesium or Cerium [2] , nanocrystals [28] , or colloids [11] for example. Some unusual behaviors have also been reported in the amorphous solid phase [13, 19] .
Second, the fluid phase of repulsive potentials with two length scales is known to reproduce some water-like anomalies [8, 10, 14-17, 20, 23] , such as negative thermal expansion coefficient, re-entrant melting at high pressures or anomalous specific heat upon cooling (see [16] and references therein). While the need for an attractive part in the potential to reproduce a genuine liquid-liquid phase transition is still debated [10, 17] , it is thus fair to claim that the square-shoulder fluid is a simple toy-model that displays a number of exotic properties.
Moreover, as explained in [31] , the success of the square-shoulder potential is not only due to its simplicity, but also to the universality of some of the phenomena it describes: although such a discontinuous potential is expected to be a poor description of many natural phenomena at the microscopic scale, it seems to capture most of the structural properties of the soft repulsive potentials, as long as the density of the fluid is low enough to ensure that multiple overlaps are scarce (note that λ plays a key role here). In particular, the presence of a hump in the free energy of the square-shoulder system can explain the richness of its crystalline phase diagram [31] .
In spite of all this, very little is known about structural properties of the square-shoulder fluid from a theoretical point of view. In a previous paper [1] , we derived temperature expansions for the square-shoulder structure factor S(q) (respectively organized in powers of Γ = U 0 /k B T at high temperatures, and p = exp(−Γ) at low temperatures). In this paper, we discuss some of the physical properties of the square-shoulder fluid that can be deduced form these expansions. First, we focus on the large-q sector of the structure factor which is related to the discontinuities of the pair-correlation function g(r), and thus to the equation of state (from the pressure pathway [32] ). In particular, we show that such discontinuities can be read directly from the smooth asymptotic form of S(q), which may be relevant when one wants to extract the discontinuities from a set of numerical data for example, where the very sharp variations and decrease of g(r) can make it a quite delicate task. Then, we discuss the properties of the equations of state that can be built from S(q) in both regimes, and which give access to the thermoelastic properties of the fluid. The fact that we can write them analytically allows us to assess their precision in the low-density regime by comparing them to the virial expansion.
The paper is organized as follows: the first part discusses the large-q asymptotic behavior of the structure factor. The second part discusses the equations of state. Finally we conclude.
II. LARGE-q BEHAVIOR
The large-q sector of the structure factor contains important information about the physics of the squareshoulder fluid. First, it is related to the sharpest variations of g(r), such as its discontinuities, which are sufficient to derive the pressure equation of state of the fluid [7, 33] :
Second, there is evidence that the large-q behavior of the structure factor could be related to the dynamics of arrest, that is the liquid-glass and glass-glass transitions in such systems [19] .
In this section, we decipher part of the information contained in the large-q sector of the structure factor of the square-shoulder fluid.
A. Toy Model
First, recall that in the hard-sphere case, the large-q behavior is given by:
where B(ϕ) = g(R + ) is the contact value, given by:
within the Percus-Yevick approximation. In order to investigate what type of behavior is to be expected for the square-shoulder potential, we propose to study the following toy-model. Suppose that the paircorrelation function g(r) of the system under investigation can be split as follows: g(r) = g 0 (r) + g 1 (r) ,
where g 0 is the pair correlation of a reference system, which is supposed to be known, and g 1 has the following form:
the function θ being the Heaviside step function. The unknown added part consists of a discontinuous jump at r = r 0 , whose value is determined by ∆ g . The jump value is then exponentially damped, with a characteristic length l. The typical shape of such function is represented on Fig. 1 . Note that we do not suppose that g 1 is a small perturbation term, the only hypothesis we make is that ∆ g is compatible with the constraint that g(r) 0. The corresponding structure factor is thus,
where S 0 (q) is the structure factor of the reference system. The remainder is then given by:
The ansatz Eq. (6) can then be used to get an explicit expression for the integral:
where we have defined the dimensionless quantities u 0 = q r 0 and l u = q l. Finally, the following formula, b a e αu u sin(u) du = 2α
with the replacement α → −1/l u can be applied to yield the final result:
corresponding to the following large-q behavior:
to be compared with Eq. (3). All in all, the addition of an evanescent θ-type discontinuity to the pair correlation function generates a large-q leading contribution with a form very similar to the hard-sphere one, i.e. cos(q)/q 2 . The amplitude of the oscillations is determined both by the jump value ∆ g = g(r + 0 ) − g(r − 0 ), and the characteristic length at which the jumps shows up r 0 , which also fixes the frequency of the oscillations. The result is independent of the damping length l, which indicates that the precise form of the damping function is of little importance in our reasoning, which may thus be generalized to any kind of sufficiently fast decreasing damping function.
B. Case of the Temperature Expansions
Let us begin with the low-temperature case. From the definition of Q:
and its explicit temperature expansion (Eq. (19-22) of [1] ) the large-q structure of S can be worked out. As can be anticipated from the asymptotic behavior in the hardsphere case Eq. (3), the interesting behavior is captured by the Fourier transform of the direct correlation function c q , related to S(q) by:
In the low-temperature regime, and at first order in the p-expansion, its leading behavior can be written as:
where d = λR. The coefficients of this decomposition are:
where φ = λ 3 ϕ is the packing fraction of the outer core. It is a particularly relevant quantity in the lowtemperature regime where it gives the packing fraction of the corresponding asymptotic hard-sphere system when T → 0. Note that a similar behavior was already pointed out in the case of a square-well potential [34] , which is quite similar to the square-shoulder from this perspective. In the p → 0 limit, only a part of B 2 survives, and the expected hard-sphere result is recovered. From the study performed with help of our toy-model, it is natural to wonder how these coefficients are related to the discontinuities of the pair correlation function. The values of g(r) in the vicinity of the discontinuities can be obtained directly from the Ornstein-Zernike equation since Q is now explicit. The results are then as follows:
The first equation yields a quantitatively wrong result, but should not come as a surprise as it is a direct consequence of the hypotheses we made to perform the low-temperature expansion. In the third one, the hard-sphere contact value appears explicitly, which ensures that everything is consistent in the low-temperature limit. Given the constraints 0 φ 1 and λ 1, the first order correction to g(d + ) is always negative.
Guided by the toy-model study, one can check that B 1 = g(R + ), and B 2 = g(d + )−g(d − ), namely, the behavior of the square-shoulder system in the low-temperature limit is consistent with the hypothesis that the addition of a shoulder inside the core of a hard-sphere system modifies the pair correlation function in such a way that the main effects can be captured by the addition of a discontinuity at the inner-core diameter, the amplitude of which then quickly decreases.
Moreover, the Eq. (15) shows that the asymptotic oscillatory behavior of c q (or equivalently the structure factor) presents some beating phenomenon, with two frequencies fixed by the two length scales R and d, and amplitudes depending on the jump values of the associated pair cor-relation function. This confirms the conjecture in [19] that the contact values can be read from the characteristics of the large-q beating signal.
Finally, the pressure equation of state can be deduced from Eq. (2) and the above results:
The first term is the usual hard-sphere result in the Percus-Yevick approximation. The first order correction at low temperatures yields a small decrease in the fluid's pressure as one could have expected: when a shoulder is created inside the hard core, the fluid's particles tend to become softer, hence the reduced pressure. A similar study can be conducted on the hightemperature structure factor. The direct correlation function has the same asymptotic behavior as in Eq. (15) . For completeness, the full expression of the coefficients A, B 1 and B 2 are given in Appendix A.
For sake of simplicity, we will not write here the full expressions of the values of g around the discontinuities. However, it can be checked by using the form of Q and the Ornstein-Zernike equation that B 1 = g(R + ) and B 2 = g(d + ) − g(d − ) still hold. These equations can also be used to derive the pressure equation of state in the high-temperature limit. The first order temperature correction to the hard-sphere limit yields a small increase in pressure, consistent with the intuition one can have about adding a repulsive shoulder to a hard-sphere system.
C. Discussion
From all the results above, and our toy-model, we can deduce that the main effect of the addition of finitepotential shoulder to a hard-sphere system -be it inside or outside the hard-core -on the pair correlation function is the addition of a discontinuity, whose amplitude gets strongly damped at large distances. However, it should be noted that:
• This explanation is not complete. Indeed, if the toy model reproduces well the observed behavior for the oscillating part of the large-q tail, it does not explain the generation of the non-oscillating part characterized by A.
• It should not be understood the ansatz Eq. (6) provides a complete description of the physics at play; it just captures the main effects. For example, let us apply the results of our toy-model to the hardsphere fluid. We choose as reference system the zero-density limit of the system, whose pair correlation function is simply given by:
The corresponding structure factor is then
The finite density system is defined with an additional jump value of ∆ g = B(ϕ) − 1 located at r = R. From the previous study, we deduce that the correction to the asymptotic behavior is:
which combined with Eq. (24) gives the well-known result. However, this does not mean that pair correlation function of a finite density hard-sphere fluid always have the form of Eq. (6). In particular, additional oscillatory behavior is not captured by this ansatz. The form Eq. (6) gives insight into the general form of the pair correlation function (jump at contact and relaxation towards 1) which drives the most prominent effects, but misses sub-leading corrections. Note that this general shape is precisely the information we kept to build our truncated pair correlation function (see Eq. (28) of [1] ).
III. EQUATIONS OF STATE
We now discuss the thermodynamical properties of the structure factors computed in [1] .
A. Low-temperature expansion
Compressibility equation of state
The compressibility equation of state is derived from the following equation [32] :
where χ T is the fluid's isothermal compressibility, and χ 0 is the isothermal compressibility of an ideal gas. From this equation, one can derive that:
where it has been made explicit that the structure factor depends on the packing fraction of the system. Note that whenever the Percus-Yevick approximation is made, one should expect that the compressibility equation of state Eq. (27) , and the pressure equation of state Eq. (2) yield different results [32] .
In the low temperature case, our previous expression of the structure factor can be integrated, to finally yield:
This is indeed different form Eq. (22) . The first term in Eq. (28) is the usual Percus-Yevick result for hard spheres, the next terms are the first order corrections in p.
Most importantly, knowing both equations of state enables us to build a third one whose natural p → 0 limit is the more accurate Carnahan-Starling equation of state, known to reproduce the hard-sphere equation of state [35] with a quite high accuracy. In order to do so, we must simply define [32] :
It is thus expected that such an equation reproduces the physics of the square-shoulder fluid at low temperatures with a good accuracy. Interestingly, it is completely analytical.
Low φ behavior
At low densities, the equation of state should match the virial expansion, which can be used to assess the precision of our approximation. Since we know that the hard-sphere part of the Carnahan-Starling equation of state only matches exactly the first three virial coefficients [35] , we will cut the φ expansion at order φ 2 . In that case, Eq. (29) becomes:
The virial expansion, on the other hand, yields:
where the coefficients B i are known analytically for the square-shoulder potential at this order [36] [39] Below, the expressions of the virial coefficients are given as a function of the coefficient γ = 1 − e −Γ which contains the temperature dependence.
Then, taking into account the fact that φ = λ 3 ϕ, it appears that Eq. (30) and Eq. (31) match perfectly at order φ if p = 1 − γ. Such a form of p fulfills the requirements set by the low-temperature expansion. We will therefore from now on use this as explicit form of p. The expansion at order φ 2 is not exactly equivalent to the virial expansion, even when B 3 is expanded in powers of p:
(33) This should not come as a surprise: in order to be able not to make assumptions on φ, some other parts of the structure factor have been approximated.
In the case where the shoulder's width is small, the precision of our low-temperature truncation in the low density regime can be assessed as:
where δ = λ − 1 characterizes the smallness of the shoulder.
Thermoelastic coefficients
From the equation of state Eq. (29) it is possible to compute the different thermoelastic coefficients, which fully characterize the elastic response of the fluid as a function of temperature in this regime. We recall that in this framework increasing the temperature is equivalent to inducing a softening of the outer core of our system of particles, which is completely hard at zero temperature.
First, the isothermal compressiblity can be obtained from Eq. (26) . In the following, in order to lighten notations, we will work with dimensionless quantities, denoted with a bar. Hence, the dimensionless isothermal compressiblity can be defined asχ T = χ T /χ 0 . Its pexpansion reads:
FIG. 2: Evolution of the dimensionless correction to the isothermal compressiblity with the outer-core packing fraction for λ = 1.2. The full line corresponds to p = 0.2 (T * = 0.62), and the dotted one to p = 0.6 (T * = 1.96).
where
Notice that the first term in Eq. (35) is exactly the result expected for the Carnahan-Starling equation for hard-spheres [37] . We will therefore split the expression ofχ T into the hard-sphere compressibility, and the low-temperature correction, that we shall denote ∆χ T . Its evolution is represented on Fig. 2 . The first order correction being positive means that softening the core of the particles leads to an increase in the fluid's compressiblity, in agreement with physical intuition.
Next, the thermal expansion coefficient α can be computed. It is defined as:
To define its dimensionless counterpart, we first define a dimensionless temperature
where we used the following functions:
Once again, the first term corresponds to the Carnahan-Starling hard-sphere result [38] . Hence, a ∆ᾱ FIG. 3: Evolution of the dimensionless correction to the thermal expansion coefficient with the outer-core packing fraction for λ = 1.2. The full line corresponds to p = 0.2 (T * = 0.62), the dashed one to p = 0.4 (T * = 1.09) and the dotted one to p = 0.6 (T * = 1.96).
containing the first corrections to hard spheres can be defined. Its evolution is plotted on Fig. 3 . In most cases, the first order correction is negative, what means that softening the spheres reduces the fluid's ability to dilate upon temperature increases. Interestingly, for high enough values of p (typically p 0.4, see Fig. 3 ) a region emerges at low density where this correction changes sign. This shows that something non-trivial occurs in the fluid at moderate temperatures. We shall discuss this a bit more later.
Note that such a behavior is only possible if ∆ᾱ has a non-trivial p-dependence, what is not obvious at first glance from Eq. (38) . However, it should be kept in mind that T * = −1/ ln(p), so that in addition to the expansion in powers of p, the thermal expansion coefficient also includes subdominant logarithmic -and square-logarithmic -corrections, which in turn allow for a richer phenomenology as the temperature is varied.
The full thermal expansion coefficient is also an interesting quantity, since it is related to some anomalies of the square-shoulder fluid [16] . In particular, we want to know whether it can be negative for some regimes of parameters. In the case of the low temperature expansion, such case can indeed occur, as shown on Fig. 4 and Fig. 5 , for some non trivial range of packing fraction and temperature. Such a behavior however does not show up for values of λ close to 1, hence the unusually high values chosen on the Figures.
First, Fig. 4 displays the evolution ofᾱ with φ. In that case, if λ is big enough (typically bigger than 1.5), a region of negativeᾱ appears at high packing fractions, that grows bigger and bigger as λ is increased. One should not be confused by the very high values of φ involved, here the shoulder width is quite large, so that they typically correspond to quite low values of the packing fractions of the hard cores (see caption of Fig. 5 for example). It should also be noted that in our formalism, where the low-temperature expressions are built from their close hard sphere limit, φ cannot be bigger than 1, no mat- ter how small ϕ is. Anyway, it is expected that if this condition is not fulfilled, the structure of the fluid (or solid) is driven by many-body effects not captured by our simple potential [31] .
Then, the behavior ofᾱ with respect to the temperature is examined on Fig. 5 . It appears that the negativity is never kept up to arbitrarily low temperature. This should not come as a surprise: it is clear from Eq. (38) that the very-low temperature regime is controlled by the hard-sphere contribution which is always positive. The subleading term is of order p ln(p) 2 , which means that: (i) it actually vanishes as p → 0, but (ii) it can easily grow quite large as we go away from that limit. Because of such logarithmic corrections, it is expected that numerical values ofᾱ are much more sensitive to higher orders than the other quantities we discussed so far. Some caution is thus required when interpreting the numbers showing up on those charts.
Finally, we compute the isochoric compression coefficient β V , defined as:
As for α, a dimensionless counterpart is defined through
Its expression is then,
FIG. 6: Evolution of the dimensionless correction to the isochoric compression coefficient with the outer-core packing fraction for λ = 1.2. The full line corresponds to p = 0.2 (T * = 0.62), and the dotted one to p = 0.6 (T * = 1.96).
In the Carnahan-Starling equation of state, the righthand side depends on φ only [35] . Since in the definition Eq. (40) β V is defined at constant volume, that is constant φ, then the hard-sphere Carnahan-Starling value of β V is simply 1/T , in agreement with the first term of Eq. (41). Once again, the explicit presence of T * gives rise to logarithmic corrections to the p-expansion. The correction to the hard-sphere result ∆β V is well-defined, and is represented on Fig. 6 . It being always negative means that softening the particles leads a reduced ability to increase pressure as the temperature rises. With the kinetic pressure picture in mind, such a result seems reasonable: softer particles, when more agitated increase the inner-pressure of the fluid less efficiently as if they were hard.
All these results can be put together to check for thermodynamical consistency. Indeed, from Eq. (29), Eq. (35), Eq. (38) and Eq. (41), it can be checked that:
as required.
As a final result, we can combine all these equations with Mayer's relation to get the difference between the two molar heat capacities C P and C V . The Eq. (42) can be used to further simplify the relation: where we defined the dimensionless molar heat capacities by dividing by the ideal gas constant R. All in all, the heat capacities difference results in:
The first term of this equation is the expected result for Carnahan-Starling hard spheres [38] . A first order correction due to the softness of the outer core can be therefore defined, it is denoted ∆C P V . Its evolution with φ is represented on the Fig. 7 . The first order correction is always negative, which is to be related to the lesser ability of the fluid to expand when T increases.
Spinodal line
The introduction of a new length scale in the hardsphere potential allows for a richer phase diagram. As a matter of fact, it is a priori possible to define two fluid phases for the square-shoulder system: one with particle diameter R, and one with particle diameter d, called in the following low-density and high-density fluid respectively. While it is expected that at low temperatures the particles are typically too hard to allow for the existence of the low-density fluid, it is still possible to investigate whether our solution allows for such a transition at moderate temperature. Obviously, this requires to extrapolate the solution a bit beyond the regime in which it is expected to be accurate. Therefore, the following results should be treated with caution: the aim is more to establish a qualitative picture than to give reliable quantitative values.
The prospective fluid-fluid transition will be investigated through the study of a possible spinodal line between the two phases. The latter is characterized by a diverging isothermal compressibility, or equivalently a vanishing 1/S(0) according to Eq. (26) . For sake of simplicity, we will perform this study with use of this latter equation, so that our expression for χ T is a bit different from Eq. (35) .
The temperature at which the condition 1/S(0) = 0 is realized corresponds to p = p 0 , with
This solution must moreover be such that 0 p 0 1 (by definition of p = exp(−Γ)). The first inequality is automatically satisfied by any p 0 obeying Eq. (45). Thus only the second one can be violated if φ and λ are not properly chosen. The limiting case condition p 0 = 1 is a simple polynomial of order 2 in φ whose roots are
with
The roots φ ± are well defined only as long as P ∆ (λ) 0. This condition is always true except in the interval [λ * 1 ; λ * 2 ], where λ * 1 1.03 and λ * 2 1.23 are the two real roots of P ∆ .
Another important quantity is the point λ * 0 where P 2 vanishes. Its value is given by:
The evolution of φ ± is represented on Fig. 8 . All in all, if
However, as can be seen on the graph Fig. 8 , both boundaries are negative, so that such values of φ can be discarded on physical grounds.
• λ * 1 λ λ * 2 , the spinodal equation has no solution.
• λ * 2 λ λ * 0 , the spinodal equation is solved for any φ ∈ [φ − ; φ + ]. However, φ must in addition be less than 1. This is not realized for φ + (λ * 2 ) = 
To conclude, the low-temperature expansion of the hard-sphere solution allows for a fluid-fluid transition, but only for certain ranges of parameters. Firstly, this spinodal only exist for the largest possible values of p, that is, moderately low temperature. Then, it requires a sufficiently large outer core, with typically δ 24%, and a packing fraction bigger than a lower bound φ − that does not vanish, even for infinitely large particles.
Once again, it should be kept in mind that the quantitative aspects of this study can be quite sensitive to the order of truncation in the p expansion, which is all the more true that the spinodal line shows up only for moderate ps. However, the quantitative picture -spinodal line that shows up for sufficiently high temperatures, densities and shoulder width -should be a reliable outcome of this study. 27) cannot be performed analytically with the high-temperature structure factor, because the expression of ϕ dependence of S(0) is too involved. Therefore, the compressibility equation of state associated to our high-temperature solution cannot be made explicit, which also means that we cannot build an explicit Carnahan-Starling-like equation, as in the low-temperature case.
One way to simplify the expressions further, and be able to perform the packing fraction integral, is to expand everything in powers of δ. In order to do so, let us set some notations, the first correction to S(0), ∆S is defined as:
Then, the δ-expansion of ∆S truncated at order n is called ∆S n . The evolution of different ∆S n 's are represented on Fig. 9 .
On this example, the first order truncation is quite faithful, it only underestimates a bit the exact result. The second order truncation, on the other hand, is getting qualitatively wrong as in a whole region the correction is positive, contrary to the exact result. Going to order three, only the low-packing fraction sector is getting better than first order. At moderate packing fractions, ∆S 3 is not closer to ∆S than ∆S 1 . The order four truncation is seriously wrong except in the low-ϕ regime. What this example illustrates is that one must be cautious when expanding in powers of δ. Truncating the series at higher order does not automatically make the approximation better in the whole range of ϕ.
Low ϕ behavior
Since the integral in Eq. (27) , runs on a finite range, it can be swapped with a small ϕ expansion. Hence, the low-ϕ sector of the high-temperature compressibility equation can be worked out without further approximation (in particular no δ-expansion is required). In the following, we shall combine it with the results of the previously established pressure equation of state, with the same coefficients as in Eq. (29) . In that way, we get the most precise equation of state that can be obtained from our solution. Its expansion reads:
which difference to the virial equation of state is given by
All in all, despite our approximations, and the involved values of coefficients in the high-temperature expansion, a Carnahan-Starling equivalent to the equation of state can still be build in the low density regime. It matches exactly the first non-trivial virial coefficient of the squareshoulder potential, which is definitely a satisfactory test of our approximation scheme. The typical error is of second order in Γ, second in δ and third in ϕ, which is comparable to the low-temperature solution.
Thermoelastic coefficients
Although the compressibility equation of state does not have an explicit expression at high temperature, it can still be used to derive some of the thermodynamic properties of the square-shoulder fluid. Indeed, many of them involve derivatives, so that only the integrand in Eq. (27) is involved. Hence, the effect of the appearance of a repulsive outer-core in a hard-sphere system can be discussed. All the following results are derived from the combination 2P c HT /3 + P v HT /3 = P CS HT , which is the most precise equation of state that can be built from our hightemperature solution. As in the low-temperature case, we will be mostly concerned by the dimensionless counterparts of thermodynamical quantities. We first compute the dimensionless isothermal compressibilityχ T . Its analytical expression is fully explicit (no integral term remain), and has the following structure:χ
The polynomial P 1 has been defined in Eq. (36); the first term in the equation is therefore the expected Carnahan-Starling result [37] . The renaming term ∆χ T vanishes as Γ goes to 0. Its quite lengthy expression is given in Appendix B. Its evolution with ϕ is also displayed on Fig. 10 for different values of Γ. It appears that the isothermal compressibility is always reduced by the hightemperature correction: adding a soft outer-core to the particles reduces their compressibility. The thermal expansion coefficient can also be computed explicitly. It has the expected structure:
where once again, it should be understood that ∆ᾱ vanishes with Γ. The first term is the Carnahan-Starling result [38] . The polynomial P 2 is defined in Eq. (39) . The full expression of ∆ᾱ can be found in Appendix B. Its evolution with ϕ is represented on Fig. 11 . Interestingly, this correction is negative, as in the low temperature case: from the point of view of the thermal expansion, the qualitative effect of adding a soft core or softening a hard core is the same. It is also worth noting that in the high-temperature regime, no change of sign is observed at low-densities, even when the temperature is significantly decreased. Indeed, the temperature expansion is now organized in powers of Γ ∝ 1/T , so that no sub-leading logarithmic corrections are present in that case. The ∆ᾱ dependence on T is thus much simpler than in the low-temperature regime. The full thermal expansion coefficient can show signs of abnormality (see Fig. 12 and Fig. 13 ). As the other extreme temperature regime, it cannot stay negative up to arbitrarily high temperatures because of the hardsphere limit, and it requires high enough values of λ to be present. A second regime of negativeᾱ can be observed on Fig. 11 , but one must be careful since as ϕ gets close to 0.6, it is expected that the liquid freezes into a glass, so that our description could be a bit too sketchy in this regime.
The isochoric compression coefficient still has the expected form:β
where the full expression of ∆β V is given in Appendix B. However, it now depends on the first correction to the integral in Eq. (27) , that is denoted V(ϕ, λ) in the Appendix B. This integral can still be evaluated numerically, which yields the curves on Fig. 14. As in the lowtemperature case, the first correction to β V is always negative. Thermodynamical consistency can also be checked, the relation: holds, independent of the form of V(ϕ, λ).
Finally, Mayer's relation can be applied to derive the heat capacity difference:
This is consistent with the hard-sphere result [38] . The evolution of ∆C P V is always negative, as shown on Fig. 15 (but when the Carnahan-Starling contribution is added, as is Eq. (59), the total result is positive). Its full expression is given in Appendix B.
All in all, even in the high-temperature regime where the compressibility equation of state is not explicit, it is remarkably possible to derive the analytical expressions of most of the thermodynamic quantities in a way that naturally interpolates the Carnahan-Starling's results for the hard-sphere fluid. 
The fully incompressible regime
As in the low-temperature case, one can look for a possible spinodal line separating a low-density fluid and a high-density one. However, since the first correction to 1/S(0) is always positive, as can be seen on Fig. 9 , the equation 1/S(0) = 0 has no solution. Hence at this order, there is no spinodal line emerging from the hightemperature regime. Let us stress once again that this result is very much dependent on the order of truncation. Here, the spinodal equation, of type x 0 + x 1 Γ = 0 could be too simplistic to allow for physical solutions to exist.
On the other hand, and for the same reason, the equation S(0) = 0 always has one solution, that we shall call Γ 0 . Such solutions are displayed on Fig. 16 for different values of λ. They correspond to cases where the isothermal compressibility χ T vanishes, namely, the fluid becomes completely incompressible.
Contrary to the low-temperature case where additional conditions in p had to be met the only physical constraint on Γ is that it be positive, which from what we showed above is always met. However, as can be seen on Fig. 16 , for a fixed value of λ, Γ 0 cannot take arbitrarily small values. Namely, the fully incompressible regime does not extend to arbitrarily high temperatures. In particular, at small packing fractions Γ 0 takes higher and higher values. More precisely, the asymptotic behavior of Γ 0 is given by:
Solutions thus only involve moderate temperatures, what requires to extrapolate our solution outside of the regime in which it is the most precise. Therefore quantitative results must be taken with caution.
IV. CONCLUSION
All in all, our investigation allowed us to give a picture of the thermodynamic properties of the square-shoulder fluid. It gave a qualitative picture of the effect of the addition of a soft core, or softening of the hard core of a hard-sphere system. Further properties, such as the prospective transition between a high-density and lowdensity fluid, anomalies of the thermal expansion coefficient, or the transition to a fully incompressible regime have also been investigated. They reveal that subtle phenomena are at play in square-shoulder fluids at moderate temperatures and density. This is a strong hint that part of the exotic physics of the square-shoulder fluid is already present at the lowest order correction to the hardsphere physics. Unfortunately our simple model is not expected to be very accurate in such regions of moderate temperatures. Further work is thus required to be able to describe more accurately these regions. If such results were to be known analytically, they could be compared to the results of the present study that must be reliable in both temperature limits.
The coefficients are defined such that A(Γ, ϕ, λ) = Γ A (1) 
. There are given by:
× 3645 e 4(7ϕ 2 +4ϕ+10) 2ϕ 2 −7ϕ+5
− 90 e 7(λ+1)− 28 
Appendix B: High Temperature -Thermoelastic coefficients • Thermal expansion coefficientᾱ =ᾱ CS + ∆ᾱ • Isochoric compressibilityβ V =β CS V + ∆β V Its expression depends on a remaining integral term that is not known explicitly, defined as follows:
where ∆S has been defined in Eq. (52).
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